We provide a metric-like formulation of the spin-3 gravity in three dimensions. It is shown that the Chern-Simons formulation of the spin-3 gravity can be reformulated as a Einstein-Cartan-SciamaKibble theory coupled with the higher-spin matter fields. A duality-like transformation is also identified from this metric-like formulation.
where k = l 16G . A andĀ can further be decomposed into the frame-like fields
Then the CS action (1) has the Palatini formulation
where the second term is the generalized cosmological term. The variation of ω yields the torsion constraints
and the variation of e yields the equations of motion
If we can solve ω in terms of e and de through the torsion equation (4), then a second-order formulation of the Palatini action can be obtained. For the Einstein gravity, ω and e take values in the Lie algebra of SL(2, R), Eq. (4) can be solved straightforwardly, and a pure metric-like formulation can be achieved. For the spin-3 gravity, the Lie algebra of ω and e is SL(3, R). A perturbative solution of Eq. (4) has been given in [10] . An nonperturbative attempt has been made in [13] , which shows it is difficult to achieve a pure metric-like formulation of the CS action (1) . The work of [13] is based on the SL(3, R) invariant metric variables ϕ αβ = tr(e α e β ) and ϕ αβγ = tr(e α e β e γ ). Alternatively, in this paper, we use the SL(2, R) decomposition of the SL(3, R) Lie algebra
where the small Latin letters take the values 0, 1, 2, and the definitions of η ab and ǫ abc follow the conventions in [7] . λ is a dimensionless constant. The anticommutators of J a furnish the Lie algebra of the SL(2, R) group. Q ab is symmetrical about its indices and satisfies the traceless condition Q ab η ab = 0. They transform as the 5D symmetrical representation of SL(2, R). Using this realization of the SL(3, R) Lie algebra, ω and e are expressed as
Here ω bc and e bc are also symmetrical and traceless, that is, ω bc η bc = 0 and e bc η bc = 0. We define the metric-like fields from the frame-like fields as 
g αβ is the conventional SL(2, R) invariant metric. h µαβ is only symmetrical about α and β, which belongs to the class of the mixed-symmetrical field discussed in [15] . Using g αβ as the inverse of g αβ , h µαβ satisfies the traceless condition h µαβ g αβ = 0. We also have
where g is the determinant of g αβ , and E 
where Ω ρσ µ is symmetrical about ρ and σ, and it also satisfies the traceless condition Ω ρσ µ g ρσ = 0. From Eq. (12), we can obtain the SL(2, R) connection ω a µ
and Eq. (12) also yields the metric compatibility condition
which requires the connection to be
where T ρ αβ is the torsion tensor, which is antisymmetric about α and β. In terms of the variables in Eqs. (8)- (9), (13) and (14), the action (3) can be rewritten as
where
is the Riemann curvature, and
, that is, we always lower and raise the indices through g αβ and its inverse g αβ . From the above, we saw that L 1 is the action of the conventional spin-2 gravity with the cosmological constant. L 4 is a topologically likewise coupling term. The meaning of L 2 would be clear if we know the expression of Ω ρσ µ . Now the action (18) has a metric-like formulation, but it is a first-order action about Ω αβ µ and h µαβ . In order to obtain a second-order formulation, we need to solve the torsion constraints (11a) and (11b). The torsion constraint (11a) can be reformulated as
and the torsion constraint (11b) can be reformulated as
Eqs. (23) 24a) is
Through this expression, Ω αβ µ can be eliminated from Eqs. (21a) and (21c), and Eqs. (21a) and (21c) can be regarded as the kinetic terms of the spin-3 fields h µαβ .
Eq. (21c) looks like a Fierz-Pauli type massive term of h αµν . However, because the background solution of the action (18) is the anti-de Sitter space-time. Eq. (21c) plays the role to ensure the 3D diffeomorphism invariance of the action, but does not mean that the spin-3 field h µαβ is massive [15, 16] . We can further attempt to solve the torsion constraints (23). In 3D, T γ αβ is equivalent to a rank (2,0) tensor through the definition
Substituting Ω αβ µ into Eq. (23), we can obtain an equation of T 2 M αβ ρσ ), which is obtainable perturbatively or non-perturbatively in a algebraic way through the Caylay-Hamilton method. The first order approximation of T αβ is given by the right side of Eq. (27). In this paper, we keep the torsion constraint (23) intact in order that the action (18) has a concise formulation, then the action (18) is a ECSK theory coupled with the higher-spin fields h ραβ .
Equations of motion.-In order to obtain a transparent Lagrangian for h ραβ , firstly we rewrite the Lagrangian L 4 as
The second line of this equation is a total divergence term. Substituting the solution (25) of Ω ρσ α into Eqs. (21a) and (28), we obtain a new Lagrangian
where we have use∇ µ h νρσ = ∇ µ h νρσ + T τ µν h τ ρσ to achieve a compact expression, and the divergence term in Eq. (28) was omitted. This Lagrangian has the Maxwell-like formulation, which is quadratic about the field strength. The identity
ρα can be further used to rewrite Eq. (30) into a conventional formulation. Now we discuss the equations of motion about g αβ and h ραβ . Their equations of motion are given by the zero curvature condition (5), which can be decomposed into two equations as the torsion constraints (11a) and (11b). Firstly, from Eq. (5), we can obtain
Here R µν = R σ µνσ is the Ricci tensor. Eq. (31a) is the equation of motion of the spin-2 field g µν , which has the same formulation with the Einstein equation. Because the connection has a torsion, R µν is not symmetric about its indices [14] . T µν is the energy-momentum tensor contributed by the higher spin fields, and it is also not symmetric. From Eq. (5), we can also obtain
Substituting the solution (25) of Ω αβ µ into (32b), we can obtain the equations of motion about h µαβ , though they do not have a compact expression as the action (29). We saw that Eqs. (32a) and (32b) have the same structure as Eqs. (24a) 
If we do not consider the divergence term in Eq. (34), then the action (18) is invariant under the duality likewise transformatioñ
We can furthure define
then L 2 and L 3 can be rewritten as
, and L 4 can be rewritten as
up to the divergence term in Eq. (34). The torsion constraint (23) can be rewritten as
From the above, we saw that the cross products of U 
While the right side of Eq. (40a) is a part of U αβγ which is symmetric and traceless about its first two indices. So Eq. (40a) has the meaning that the dual of the field strength of U αβγ is the minus of its symmetric and traceless part about its first two indices. Similarly, from Eqs. (24a) and (32a), we also havẽ
